We study the transport properties of an interferometer composed by a quantum dot (QD) coupled with two normal leads and two one-dimensional topological superconductor nanowires (TNWs) hosting Majorana bound states (MBS) at their ends. The geometry considered is such that one TNW has both ends connected with the QD, forming an Aharonov-Bohm (AB) interferometer threaded by an external magnetic flux, while the other TNW is placed near the interferometer TNW. This geometry can alternatively be seen as a long wire contacted across a local defect, with possible coupling between independent-MBS. We use the Green's function formalism to calculate the conductance across normal current leads on the QD. We find that the conductance exhibits a half-quantum value regardless of the AB phase and location of the dot energy level, whenever the interferometer configuration interacts with the neighboring TNW. These findings suggest that such a geometry could be used for a sensitive detection of MBS interactions across TNWs, exploiting the high sensitivity of conductance to the AB phase in the interferometer.
I. INTRODUCTION
An interesting member of the fermionic family was first proposed by E. Majorana nearly 80 years ago.
1 Majorana fermions (MFs) have as a principal feature to be their own anti-particles. Although long-sought after in different contexts, including neutrinos, 2 they seem to have recently materialized in condensed matter systems, appearing as zero-energy excitations in systems with particle-hole symmetry. As MFs are expected to satisfy non-Abelian statistics, they are of interest in quantum computation implementations and are gaining increasing attention. 3, 4 MFs can be found in several systems, such as the surface of a topological insulator, 5 and in the vortex core of a p-wave superconductor. 6 Localized MFs, (or Majorana bound states, MBSs) are also notably predicted to be found at each end of a one-dimensional (1D) semiconductor nanowire with spinorbit interaction (SOI) placed in close proximity to an s-wave superconductor and in a magnetic field, 7, 8 or at the ends of a chain of magnetic impurities on a superconducting surface.
9,10 These 1D physical systems can be seen as implementations of the Kitaev chain, 11 and are known as topological nanowires (TNWs). Mourik et al. 12 reported the first observation of Majorana signatures in a semiconductor-superconductor nanowire, built of InSb (indium antimonide) wires and proximityzed by NbTiN (niobium titanium nitride). Several others groups reported also zero-bias conductance peaks in similar hybrid 1D devices. [13] [14] [15] [16] MBS pairs present in the same 1D heterostructure are expected to interact with a coupling strength ε M ∝ exp(−L/ζ), as function of the wire length L, where ζ is the superconducting coherence length.
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This dependence on wire length was probed in recent experimental work, verifying expectations.
17
Ever since the first observations, the challenges identified in solid state systems involving MBSs have included the detection and manipulation of these states to explore quantum entanglement and eventual quantum computing engineering. 18 One of the exciting and promising branches in this context is the study of the interplay between MBSs and other nanostructures, such as quantum dots (QDs).
19-21 A clear signature of the presence of an MBS in a system was established by Liu and Baranger as a half-maximum conductance at the Fermi energy (zeroenergy point), G(ε = 0) = G max /2 = e 2 /2h, across current leads with an embedded QD. 22 Subsequently, Vernek et al. 23 showed that this signature is completely unaffected by changes in QD energy level, as it shifts across the Fermi energy. This behavior was recently measured in a QD coupled to an InAs-Al nanowire heterostructure, exhibiting the MBS pinned state at zero energy. 24 Interferometer configurations using QDs with side-coupled MBS in their arms have been considered to study interference phenomena, including the Fano effect. [25] [26] [27] [28] [29] Possible MBS implementations for storage information, 30 and to allow manipulation of MBSs to perform non-Abelian operations have been discussed, 31 including the use of flux-controlled quantum computation. 32 Moreover, manipulation of these states can be achieved by external magnetic fields over straight/circular magnetic adatom chains 33 or through the construction of protocols in an X-shaped junction.
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In this work, we explore the interaction between two nanowires in the topological phase, hosting MBSs at their ends, via the conductance across a QD embedded between normal current leads. The arrangement exploits the high phase sensitivity of the conductance through a system with MBSs. The system can be seen to represent an independent TNW close to the TNW in the AB interferometer, or perhaps more typically, as a long wire with an intermediate contact to the interferometer. As such, the phase and conductance monitoring can be used to probe the interaction between the two TNWs in the device. To address this problem, we consider an effective low energy Hamiltonian in second quantization and arXiv:1706.09947v1 [cond-mat.mes-hall] 29 Jun 2017 solve the system using a Green's function formalism. Our results show that the conductance through the QD can indeed be used to probe the connection between MBSs belonging to different TNWs. The interaction of MBS is manifested in the observation of regular fermionic or Majorana behavior at the zero-energy point when tuning an Aharonov-Bohm phase away from π/2. This paper is organized as follows: Section II presents the system Hamiltonian and method used to obtain quantities of interest; Section III shows the results and the corresponding discussion, and finally, the concluding remarks are in Section IV. Our system considers two single-mode TNWs hosting MBSs at their ends. One of these TNWs has its ends tunnel-coupled with a single-level QD, forming an Aharonov-Bohm interferometer, and threaded by an external magnetic flux. The other TNW can couple with the interferometer through a direct MBS-MBS coupling across wires. This arrangement could also represent a single TNW where the connection to the interferometer produces a non-topological defect that results in weakly coupled MBSs across such defect. 35 The QD is also connected to two current leads, labeled left (L) and right (R), as shown schematically in Fig. 1 .
II. MODEL
We describe the system with an effective low-energy spinless Hamiltonian since only electrons with one spin projection couple to the Majorana states. 36 Hence, the Hamiltonian has the form
where the first three terms are the regular fermionic (electronic) contributions, given by
where λ l is the hopping between the QD and MBS ξ γ,l ; ε M β gives the splitting between Majorana modes in the same TNW (ξ β,l ), with
, where L β is the length of the corresponding TNW and ζ the superconducting coherence length, as mentioned before. The α parameter describes the connection between independent MBSs, i.e. belonging to different TNWs. In addition, due to the Aharonov-Bohm flux in the system, without loss of generality, we can set λ 2 = λ * 2 and λ 1 ≡ |λ 1 | exp (iφ), 22 with the phase φ = 2π(Φ/Φ 0 ) given in terms of Φ the magnetic flux across the system and Φ 0 = h/e the flux quantum.
It is helpful to write ξ β,1 and ξ β,2 in terms of regular fermionic operators f † β and f β , that of course satisfy
Using Eqs. (6), the Eq. (5) transforms to
In order to calculate the transport quantities we used a Green's function (GF) formalism. The retarded GF for two operators A and B in the time domain is defined by
where θ(τ −τ ) is the Heaviside function and ... denotes the average over the ground state or thermal average at finite temperature. To obtain the corresponding GF we require, we solve the equation of motion of Eq. (8) with the full Hamiltonian H and then its Fourier transform to take the equation into the energy domain, so that
with δ → 0 + , and [..., ...] denotes the commutator. We use the distributive property of the GFs and write the MBS GFs in terms of the fermionic operators f ξ and f † ξ , such as
With the Green's function at hand, we obtain the local density of states (LDOS) in the QD and the conductance across the leads using the expressions
where f F (ε) is the Fermi distribution function, and Γ = Γ L + Γ R is the energy-independent coupling strength between the QD and the leads in the symmetric case, where t L = t R , and Γ j = π|t j | 2 ρ 0 , where ρ 0 is the density of states in the leads.
III. RESULTS
In what follows, we adopt Γ as the energy unit. Typical experimental values for Γ are few meV. We further fix coupling between the MBS ξ γ,l and the QD as |λ l | = Γ/2. Since typically T Γ in experiments, we use the T = 0 limit of Eq. (12), which reduces to
where
ε is the transmission probability and ε F the Fermi energy. The appendix shows analytical expressions for the appropriate GFs, as well as the conductance, in terms of the system parameters. We discuss there some of the general features of the conductance, such as the role of the AB flux on different 
behaviors. For simpler more intuitive visualization, we show results for specific cases in what follows.
We show results for the interesting case that considers each TNW length sufficiently long to have vanishing coupling between the two MBSs belonging to the same nanowire, i.e. ε M β → 0. In Figs. 2 and 3 we show the transmission probability and conductance across the QD as a function of the energy and Aharonov-Bohm phase, respectively. We start by setting α = 0 in Fig. 2 panels (a)-(b) and in Fig. 3(a) , which means that the MBSs belonging to different TNWs are disconnected. Figure  2 (a) shows there is a phase-dependent behavior of the conductance, as three different phase values show rather distinct energy dependence. Only for φ = π/2 (dark green dashed-dotted line) is the transmission probability T (ε) = 0 at ε = 0. This is the signature of the presence of MBS in the system, a half-maximum in conductance at ε = 0, (G(ε = 0) = e 2 /2h). 22 In this case, the feature is not restricted to the zero-energy point, as the transmission exhibits a rather flat region around it. For other phase values (black solid and red dashed line), the conductance, in fact, dips to zero with a width similar to the plateau for φ = π/2. In Fig. 2(b) , the conductance curve for ε = 0 as a function of phase, supports the uniqueness of the φ = π/2 phase value. In Fig. 3(a) we observe the Majorana signature, and the narrow flat region around zero energy, for every phase value φ m = mπ/2, with m an odd integer. The conductance curves illustrate the importance of interference of electronic paths through the QD and through the TNW. It is clear that even in the (e 2 /h) absence of direct MBS hybridization (since ε M β = 0), the interferometer works and the varying flux is able to affect the conductance through the attached QD. The intrinsic entangled character of the MBSs is responsible for the effective electronic transfer across the TNW, 39 while imparting an overall phase shift that cancels the conductance when the QD and the MBS are resonant at the Fermi level. This behavior underscores the possibility of implementing a flux-controlled operation in quantum computing architectures employing TNWs. 22, 31, 32 In Fig. 2(c)-(d) and 3(b) we consider coupled TNWs with a fixed α = 0.15 Γ to study the effect of interacting MBSs across the TNWs. Figure 2(c) shows a phaseindependent behavior in the conductance for ε = 0, the half-maximum conductance signature of MBS in the system extends for all phase values, as confirmed in Fig.  2(d) . Moreover, the φ = π/2 curve in this case (dark green dashed-dotted line) exhibits two symmetric sharp full conductance peaks located on both sides of the Fermi energy (at ε ∼ ±0.1 Γ here). Figure 3(b) shows that the peaks vanish quickly as the phase moves away from φ m . Besides, the flat plateau seen in the isolated interferometer case persists, although narrower than before. The changes in conductance are remarkable, as it detects the connection between MBSs in the two TNWs, showing a half-maximum at zero energy, unaffected by phase changes, G(ε = 0, φ) = e 2 /2h. Such robustness with flux would be fairly evident and easy to identify in experiments.
Interestingly, these results are robust against changes in the dot energy level ε d , as shown in Figs. 4 and 5. From  Fig. 4 , where α vanishes, we observe in panels (a) and (b) that the regular single-particle resonance behavior is apparent when ε d is away from the Fermi energy, and it is substantially independent of the AB phase. However, for ε d 0, one sees a strong conductance suppression whenever φ = φ m . In panel (c), the MBS signature of half conductance maximum remains for φ = π/2, even when the dot energy level moves away from the Fermi level (ε d = ε F ). The strong MBS interference reflects the leakage of the interferometer MBSs into the probing QD, as reported in the literature.
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In Fig. 5 , where the TNW interaction α is turned on, the conductance exhibits a half-maximum value, essentially independent of the value of both the dot energy level and the AB phase, G(ε = 0, φ, ε d ) = e 2 /2h. This result can be seen as the external MBS leaking into the QD through the coupling with the interferometer-TNW, substantially affecting the interferometer MBSs leakage.
IV. SUMMARY
We have studied the transport properties across a QD embedded between two normal leads used as a probe of MBS interactions across nearby TNWs. The QD is coupled to a TNW forming an Aharonov-Bohm interferometer, while a second TNW is placed nearby. The low-temperature conductance through the QD changes drastically with the coupling between TNWs, α. When α = 0, the interferometer produces a half-maximum conductance only for the AB phase φ = π/2 (and odd multiples), as reported before. 22 When α = 0, the neighboring TNWs are connected via separate MBSs, one of them belonging to the TNW in the interferometer setup.
(e 2 /h) The low-temperature conductance exhibits an unusual Majorana signature (half-maximum value), regardless of the AB phase through the interferometer and the QD ε d value. Hence, the conductance through the QD sensitively reflects the presence/interaction between MBSs, and such behavior is robust to changes in other system parameters. These results suggest that such behavior could be used to probe the connection between MBSs located in different TNWs. Setting the phase away from π/2 and at low temperature (so that the transmission at zero-energy dominates), the conductance will show a value G(φ = φ m , ε d ) = 0 if the MBSs are uncoupled. In contrast, if the MBSs are connected, the conductance measurement at low temperature will yield
, independently of the position of the QD energy level. 
On the other hand, for α = 0, we have Lastly, we present the eigenvalues of the Hamiltonian H dot + H MBS , obtained by direct diagonalization. These are closely related to the poles in the QD GFs, and therefore to the resonances in T (ε). They are particle-hole symmetric, as expected, and given by ε ± i = ±ε i , with 
As shown in Fig. 6 , it is clear that the half-maximum conductance for decoupled TNWs occurs at the triple degeneracy point for φ = π/2.
22 For α = 0, in contrast, the degeneracy is split, and the mode at zero results in a half-conductance for any value of φ. 
